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Abstract
Classical pion field similar to Disoriented Chiral Condensate (DCC)
is considered in the presence of the external source. This field is simi-
lar to DCC in the sense that its isotopic orientation is specified with a
single vector at the whole space. We study the classical field solutions
in the nonlinear sigma-model both in the chiral limit with massless
pion and for the finite pion mass. In both cases the field resembles the
Coulomb field of charged particle however the nonlinear pion interac-
tions lead to the existence of several solutions. In the massless case
and for the very small size of the source there is the lot of classical
solutions with finite discrete energies. In the more realistic situation
of large nucleus (heavy ion) there are no stable solutions of the above
type, but there is the possibility for the formation of the quasistation-
ary states. They can live for a long time slowly decaying through the
emission of very soft pions. The structure and the energies of these
solutions is investigated numerically.
1 Introduction
The interaction of the soft pions at the comparatively low energies is de-
scribed by the effective Lagrangian
Lpi =
1
2
[ (∂µσ)
2 + (∂µ~π)
2 ], (1)
including three isovector pion fields πi, i = 1, 2, 3, and an auxiliary scalar
field σ obeying the constraint
σ2 + ~π2 = f 2pi ,
where fpi = 92 MeV is the pion decay constant.
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The pion field represents the chiral phase of the quark condensate, that
is why the parameterization through the unitary matrix is quite natural in
this approach. Constructing the matrix
U =
1
fpi
(σ + i~π~τ ), U+U = 1,
the Lagrangian (1) takes the form
Leff =
f 2pi
4
Tr ∂µU ∂µU
+. (2)
The Lagrangian (2) involves non-linear terms responsible for the many-
pion interaction and allows for the classical solutions. The important class
of plane wave type solutions for the pion field was described by A.A.Anselm
[1, 2], the Disoriented Chiral Condensate (DCC) being the particular case of
it with the wave vector ~k = 0 [3, 4, 5, 6, 7].
In the collision of high energy particles (or, better, heavy ions) the system
is ”warmed up” to the temperatures at which the chiral symmetry is restored.
Then, in the course of cooling, the symmetry breaks again and the scalar,
〈qq〉, or pseudoscalar, 〈qγ5τaq〉, condensate with the quantum numbers of σ
or πa mesons settles out. All four orientation (3 pions and σ-meson) are
equivalent in the isotopic O(4) space, and if the pion condensate, 〈qγ5τaq〉,
is produced somewhere it means the formation of DCC domain.
Possible scenarios for the classical pion field (DCC) production at the high
energies and the experimental signatures of DCC have been widely discussed
in the literature [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13].
One of the most significant evidence of DCC is the distribution over the
neutral and charged pions.
The multiplicity distribution obeys the Poisson law for independent pro-
duction, so the number of π0 mesons is 1/3 of the total number of pions in
the large multiplicity event while the distribution of the ratio f = n0/ntot is
close to δ(f − 1/3) (here n0 is the number of π0, ntot is the total number of
pions).
In case of a classical pion field creation the orientation of the isotopic
vector ~Aa, which determines the ratio of charged and neutral pions, is chosen
once for the whole classical field domain. It results into the large probability,
dw
df
=
1
2
√
f
, (3)
of the events with anomalous small number of neutral pions [14, 1, 3, 5, 6].
There have not been still a real progress in experimental attempts to
observe such events (in pp¯ collisions at FNAL collider [15] and in nucleus-
nucleus reactions in CERN[16]) although the hope to create DCC in this
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conditions was not originally much. The heavy ion collisions at the new
colliders (RHIC, LHC) seem to be more promising.
In this paper we deal with another possibility - with classical pion fields,
which can be produced and exist in the presence of an external source i.e.
nucleons or quarks of an incident nucleus. Contrary to the Skyrmion type
fields for which the isotopic direction of the vector is strongly correlated
with the coordinate space position (so called ”hedgehog ansatz”) here the
direction is described by the single vector ~Aa at the whole space just as it is
for Anselm solution or DCC. Therefore the distribution (3) for the ratio of
charged and neutral particles is still valid for the treated fields.
The structure and physical nature of these solutions is rather similar to
electromagnetic (Coulomb) field of a charged particle, however the nonlinear
pion interaction (2) allows for the existence of several solutions with different
energies. The nucleon or nucleus in the cloud of such fields can be regarded
as an excited state or resonance.
Below we shall consider the spherically symmetric solutions at first in the
chiral limit, putting the pion mass mpi = 0, and then we shall add the mass
term to the Lagrangian (2).
The mass term looks like the source in the classical equation and gives
rise to the piece of the form m2pi sinϕ, where ϕ = |π|/fpi. The contribution
of the external source is opposite in sign to the mass term. For a weak
fields ϕ ≪ 1 the source acts as an attractive potential and allows thereby
for a stable solution – a stationary state. Even for a strong field ϕ ∼ 1 the
stationary state is possible in the case of large size source. Once this classical
solution is created in the heavy ion collision (if created) it can live for the
long time slowly decaying through the emission of very soft pions (in the
nucleus reference frame).
We describe the classical equation for the fields surrounding the nucleon
and possible excitations (resonances) of this system in Section 2. The more
interesting case of a large nucleus is considered in Section 3.
2 Classical solutions in chiral limit
The pion interaction with fermions (quarks or nucleons) is given by the mi-
croscopic Lagrangian
Lf = q iγ
µ∂µq − gq(σ + i~π~τγ5)q. (4)
Further we shall treat it as an interaction with external classical source
generally described by isoscalar ρ(x) = 〈q(x)q(x)〉 and isovector ρV (x) =
〈q(x)~τγ5q(x)〉 densities. For the simplicity we shall deal with the situation
when the source has zero isospin, so that ρV (x) = 0, and the Lagrangian
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takes the form
L =
f 2pi
4
Tr ∂µU ∂µU
+ − 1
4
gfpiρTr (U + U
+ − 2), (5)
the last term being zero for U = 1.
Upon varying the Lagrangian with respect to the pion matrix U , the
equation of motion yields
∂µ [U
+∂µU ] =
g
2fpi
ρ(x) [U+ − U ].
In what follows the matrix U(x) is sought among the kind of exact solutions
found in refs.[1, 2]:
U(x) = V −1eiτ3f(x) V, (6)
where V is an arbitrary but constant unitary matrix. The function f(x)
obeys the equation
∂2f(t, x) =
g
fpi
ρ(x) sin f(t, x).
We are interested in the stationary solutions for which
∆f(x) =
g
fpi
ρ(x) sin f(x),
where ∆ = −∂2i is the Laplace operator. Supposing the function f(x) to
be decreasing at the space infinity this equation can be transformed to the
nonlinear integral form
f(x) =
1
4π
g
fpi
∫ d3y ρ(y)
|x− y| sin f(y). (7)
The total energy accumulated in the pion field is generally finite:
E = gfpi
∫
d3x ρ(x)[
1
2
f sin f + cos f − 1]. (8)
There are two different regimes for the equation (8) - the regime of small
and large size of the source.
In the first case the density is concentrated in the small space, and since
we are looking for a smooth function we can put sin f(y) ≈ sin f(0) in the
integrand (7). Then we obtain the Coulomb-like potential at the finite dis-
tances from the source
f(x) =
1
4π
g
fpi
1
|x| sin f,
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with the charge-like constant f = f(0) obeying the equation
f =
1
a
sin f, (9)
in which the dimensionless parameter a,
1
a
=
g
4πfpi
∫
d3y
ρ(y)
|y| ,
is proportional to the radius of the source.
The equation (9) has a set of solution for a≪ 1
sin fn ≃ πan, n = 0,±1,±2, . . . , |n| ≤ 1
πa
.
As a result the pion energy (8) turns out to be quantized despite the pure
classical treatment:
En = gfpi[
1
2
fn sin fn + cos fn − 1]. (10)
The lesser the effective dimensionless radius of the source, a, the more
energy levels appear. For a → 0 they form two quasi-continuous bands for
even and odd states approximated for not very large n as
En ≃ gfpi[(−1)n − 1 + 1
2
π2n2a], (11)
with energy spacing ∼ gπ2fpia between the levels in the each band.
The lower levels in the odd band in (11) have the negative energy. One
has to emphasize here that En are only the pion field energies whereas the
total energy comprises, except this, the energy of the source itself, that is
the energy of the quarks or nucleons inside. The smaller the volume they
occupy the large energy they have. Therefore there is a competition between
these two effects which, could lead under certain conditions to a bound state
formation.
In the second regime there are no finite energy solutions except for the f =
0. Indeed, after rescaling the variables ρ(x) = 1/r30ρ(x/r0), f(x) = f(x/r0),
where r0 is a characteristic size, where the density is non zero, the equation
(7) reads
f(z) =
g
4πfpir0
∫ d3z′ ρ(z′)
|z − z′| sin f(z
′),
so only the zero solution is allowed for large enough r0.
The simple estimation shows that the critical radius r0 needed for the
nontrivial solution should be smaller than 1 fm in the order of magnitude.
The energy E1 for r0 ∼ 1 fm is of the order of the mass difference between
the baryon resonances and it is not excluded that some/part of this states
are due to an excitation of the ”Coulomb-like” pion field considered above.
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3 Large size source
The last statement on the absence of the solution for the large source is valid
only for the fixed constant g while the value of g = gpiNN · A increases for
a heavy ion with the atomic number A faster than the characteristic radius
r0 ∝ A1/3. This is an interesting case which should be discussed in more
detail. Let us put the nucleon density ρ = const inside the nuclear and
include the pion mass. It results into the equation
∆f(x) =
(
g
fpi
ρ(x) −m2pi
)
sin f(x), (12)
where the density ρ(x) = ρ0θ(R − |x|) and R is the nuclear radius. For the
normal nuclear density the effective strength of the source G = ρ0
g
fpi
≃ 4.7
fm−2.
For the weak fields the equation can be linearized and takes the simple
form
∆f(x) = (G−m2pi)f(x). (13)
The well known spherically symmetric solution reads
f(r) = B1
sin(rb)
r
for r = |x| < R ,
with b =
√
G−m2pi and
f(r) = B2
exp(−rmpi)
r
for r > R . (14)
In order to match the solutions at r = R the logarithmic derivative of the
first expression should obey the condition
d ln(rf(r))
dr (at r = |x| = R) = b · ctg(Rb) = −mpi . (15)
The fine tuning of nuclear radius R, which is needed to satisfy (15), looks,
of course, rather unlikely. However it is possible to provide the matching
in non-linear case by choosing the value of f(0) ∼ O(1) (for large enough
b > π/R). We find such solutions numerically for a reasonable ion radius
R = 5.6 - 5.9 fm with the field amplitudes f(0) ≃ 1 - 2, respectively. The
results are shown in Fig.1 by the solid curves.
This solution in some sense has a similar nature with the classical Coulomb
field, the amplitude of which is fixed by the charge (and the size) of the source
as well.
To calculate the energy of the pion field we include the pion mass term
m2pi in (8) and obtain a very small value E = −8 MeV for f(0) = 0.96 (this
is still a weak field) but E = −280 MeV for the case of f(0) = 2.
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The fields shown by the solid curves in Fig.1 look as the result of the
pion condensation in a heavy nuclear which was studied many years ago [17]
mainly in terms of the Fermy Liquid Theory. A possibility to observe the
pion condensation in heavy ion collisions is discussed in [18].
Unfortunately, such a solution can not be realized. There is no pion
condensation at the normal nuclear density ρ0. What is happened?
The Lagrangian (4) is correct being written in terms of the quarks and
pions. We have applied it to the nucleon instead of the quarks. Taking
the value g = gpiNN we assume the whole nucleon mass to be generated by
the interaction of the nucleon with the classical σ field < σ >= fpi. In
the framework of the effective Lagrangian (1),(2) it leads to a very strong
interaction of the soft pions with the nucleons. On the other hand the πN
scattering amplitude is rather small corresponding to a so-called σ-term,
which is about 20-30 times less than the proton mass.
That is why we take a smaller value of the coupling g (say, G = 0.18 fm−2)
in the better agreement with the nucleon σ-term. Then a heavy ion acts as a
rather weak source. For G < 0.067 fm−2 and a reasonable ion size (R ∼ 6 fm)
the resulting attractive potential is even not sufficiently strong to form a
bound state.
However it is possible to form for G = 0.18 fm−2 the quasistationary long-
living state, which decays only due to the non-linear effects. Indeed, in a
weak field approximation one can find the time dependent solution in the
form f(t, x) = exp(iEt)f(x), where the function f(x) satisfies eq.(13) with
G−m2pi replaced by G+ E2 −m2pi. Choosing the eigenenergy E ≃ 130 MeV
to provide the matching at r = R we obtain the solution shown in Fig.1 by
the dotted curve (for R = 5.9 fm).
Being produced in a heavy ion collision (if it is) it can live for the long
time slowly decaying through the emission of very soft pions (in the nucleus
reference frame) due to non-linear terms in the Lagrangian (2). The life-time
of the solution decreases with the field amplitude f , which determines the
multiplicity npi of the pions in the classical field. The dotted curve presented
in Fig.1 corresponds to npi = 2E f
2
pi ·
∫
f 2(x)d3x ≃ 12.3
The existence of such a solution may help in production of a ”breather”
like classical pion fields [19]. Interaction with the source (nuclear matter)
makes this solution more stable and long-lived. The presence of the source
could also stabilize under certain conditions the solutions of ”pion string”
kind [20], for which the direction of the isotopic vector ~Aa is correlated with
the azimuthal angle in the coordinate x, y plane.
Nevertheless the production of the classical pion field we discussed first
(solid curves in Fig.1) can not be completely excluded in the high energy
heavy ion collisions. If a kind of ”quark bag” (large drop of quark plasma)
would be formed after collision instead of the outgoing ”nuclear”, then we,
probably, come back to the quark-pion Lagrangian (4) with a large coupling
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g and the corresponding value G ∼ 3 − 5 fm−2. The interaction now would
be enough to form a stationary classical pion field (pion condensate) in the
drop of quark matter.
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Figure 1: Amplitude of the classical pion fied in the presence of a large size
nucleon or quark source (heavy ion) versus the radius. Radius of the ion R
is marked by the dashed lines. Solid lines - strong coupling G = 4.7 fm−2,
dotted line - weak coupling G = 0.18 fm−2.
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